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B sK0oHOMUKE 1 YIIPaBICHUH, BO BCEX OTPACIIAX
MIPOMBIIINICHHOCTH M 00JIaCTAX NS TeIbHOCTH
YCIEUTHO MPUMEHSIOT Pa3IMIHbIC CTATUCTUICCKHE
MeTozb!. [IpuKiIagHas CTaTUCTHKA - 5TO HayKa O TOM,
Kak oOpabaTbIBaTh JaHHbIE. B Hell o Buay penraemMbIx
3aj1a4 BBIJIEIISIOT TPU 00JIACTH - ONTUCAHHUE JaHHBIX,
OlLIeHMBaHKeE, MPOBepKy runote3. OnuH U3 Haubosee
H3BECTHBIX METOAOB OLICHUBAHUSA - 3TO METOJ
MaKCHMaJILHOTO MPaBAO0Io1001s, OCHOBaHHBIH Ha
MaKCHUMH3and GYHKIUH Mpasaomnoaoous. B
HACTOSIIEH cTaThe U3YUEH 3TOT METOA B HamboJee
0011el TOCTaHOBKE M PACCMOTPEHO ero 0000IIeHe Ha
CiTydai, Kor/a 3a/1a4a ONTUMH3AINA GYHKIINH
MIPaBIOIIONO0MS HE MOXKET OBITh pericHa. BriepBeie
HaiiIeHO HEOOXOUMOE B JOCTATOYHOE YCIIOBHUE
COCTOSITETBHOCTHU OLEHKH MaKCHMaJIbHOTO
IpaBaono00us B 0b1ieM ciydae. /i 3Toro
MTOHAZA00MIIOCH IPUBIIEYh MATEMATHUECKUI ammapar
CTaTHUCTHKH B IPOCTPAHCTBAX MPOU3BOIHHOMN
MIPUPOIBI - IEHTPATIBHON 00J1aCTH CTaTUCTUKU
HEYHCIIOBBIX JaHHBIX. 3aTeM U3y4eHa CUTyalus,
KOT[Ia pelIeHNe 3aJa9i MaKCUMHU3AIH () yHKIIHA
MpaBIoIo 00 HE CyIIecTByeT. B aToMm ciryuae s
OIICHKH (DYHKIIUHU pacIpeeICHUs 13
COOTBETCTBYIOIIETO MHOKECTBA MPEIIOKEHO
HCTIONB30BaTh BBEICHHYIO B CTaThe 0O0OMICHHYIO
OIIEHKY MaKCHMaJILHOTO TpaBaonofo0us. Takon
MIOJIX0/1 OTJAJICHHO HAITOMHUHAET METOJ
perynsapusanuu TuxoHoBa, mpeAHa3HAYEHHbIN 115
peIIeHust HEKOPPEKTHBIX OMEePaTOPHBIX 3a/1a4.
PaccMoTpeHbI mpuMephI O1IEHOK 0000IIIEHHOTO
MaKCHMaJIbHOTO TpaBaonono6us. Kak nokasaHo B
CTaTbe, UIMU SBJIAIOTCS, B YACTHOCTH, IMIIUPHUECKAst
(YHKIMS pactpe/ieNieHns 1 ee CUMMETpH3aIHs,
MOJy4EeHHAs B IPEANOIOKEHHUH, YTO OLIEHUBaeMas
(YHKIMA pacrpeesieHnsi CHMMETpUYHa
OTHOCHTENBHO HyJIsl. CHMMETpHU30BaHHAsT (YHKIHS
IIPUMEHSIETCS, B YaCTHOCTH, NIPH MIPOBEPKE
OJTHOPOJTHOCTH CBSI3aHHBIX BEIOOpOK. ChopmynupoBan
PSA HepeIIeHHBIX 3a/1a4, CBSI3aHHBIX C pa3paboTKOH
0000IIEHHOT0 METOAa MaKCUMAJIBHOTO
npaBaononoous. X pemennto J0MKHbI ObITh
MTOCBAIICHBI aIbHEHIINE HCCIIeIOBaHMUS
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In economics and management, in all industries and
fields of activity, various statistical methods are
successfully used. Applied statistics is the science of
how to process data. It distinguishes three areas
based on the type of problems being solved: data
description, evaluation, and hypothesis testing. One
of the most well-known estimation methods is the
maximum likelihood method, which is based on
maximizing the likelihood function. This article
studies this method in its most general formulation
and considers its generalization to the case when the
likelihood function optimization problem cannot be
solved. For the first time, a necessary and sufficient
condition for the consistency of the maximum
likelihood estimate in the general case has been
found. To do this, it was necessary to use the
mathematical apparatus of statistics in spaces of
arbitrary nature - the central area of statistics of non-
numerical data. Then we studied the situation when
a solution to the likelihood function maximization
problem does not exist. In this case, to estimate the
distribution function from the corresponding set, it
is proposed to use the generalized maximum
likelihood estimator introduced in the article. This
approach is vaguely reminiscent of Tikhonov’s
regularization method, intended for solving ill-posed
operator problems. Examples of generalized
maximum likelihood estimates are considered. As
shown in the article, they are, in particular, the
empirical distribution function and its
symmetrization, obtained under the assumption that
the estimated distribution function is symmetric
about zero. The symmetrized function is used, in
particular, when checking the homogeneity of
related samples. A number of unsolved problems
related to the development of a generalized
maximum likelihood method are formulated.
Therefore, further research should be devoted to
their solution
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BBenenue

B skxoHOMUKE W ympaBiI€HUH, BO BCEX OTPACIAX MPOMBIIUICHHOCTH M
00JIacTSIX JACATEILHOCTH YCICIIHO IPUMEHSIOT Pa3IMYHbIE CTATUCTHYCCKHE
Metoanl. [lpuknagHas craTUCTHKa - 3TO Hayka O TOM, Kak oOpalaThIBaTh
JnaHHbIe. B Hel mo Buay peraeMbIX 3a7ad BBIACISIOT TPU 00JIACTH - ONHUCAHUE
JTAHHBIX, OLICHUBAHUE, IPOBEPKY TUIIOTE3.

OnuH w3 Hambojee M3BECTHBIX METOJIOB OIICHUBAHUS - 3TO METOJI
MaKCHMAJIBHOTO TIPaBIONOJA00MS, OCHOBAaHHBIM Ha MaKCUMHU3AIMU (PYHKIIUH
npasgonofgoOusa. B HacTosield cratbe U3y4yuM 3TOT METOJl B Hanbosiee o0IIei
MIOCTAHOBKE 1 00CyauM ero o000IIeHre Ha CiTy4ai, Kor/ia 3aja4a ONTHUMU3AIiN

GbyHKIUM MPaBIOTOI00MS HE MOXKET OBITh PEIleHa.

OcHOBHbBIEC OHATHS B IPOCTPAHCTBE MPOU3BOJIbHOI MPUPOABI

B coorBercTBUM Cc HauboJiee PacHpPOCTPAHEHHOW BEPOSITHOCTHOU
MOJIEJIBIO JTAHHBIX PACCMOTPUM BBIOOPKY X; X, ..., X5 - COBOKYHHOCTH N
HE3aBUCHMBIX OJJMHAKOBO pACMpeIeICHHbIX BeInunH. Kak u3BecTHO, ciryyaiiHas
BEJIMUMHA - 3TO (YHKIMS, ONpENeSIeHHAas Ha MPOCTPAHCTBE AJIEMEHTAPHBIX
COOBITHI CO 3HAYCHUSIMH B HEKOTOPOM TIpocTpaHCcTBe A. Hare Bcero B kauecTne
A paccMaTpUBalOT MHOXKECTBO JIEUCTBUTEIBHBIX YHCEN WM KOHEYHOMEPHBIX
BEKTOPOB, HO ATO MPEJIOJI0KEHUE HE SIBISECTCS 00s3aTEIbHBIM B COBPEMEHHOM
Teopun BeposTHOCTeH. IIpocTpaHcTBOo A4 MOXKET OBITh NPOW3BOIBHBIM, B
YaCTHOCTH, HEUYUCIOBBIM. CJel0BaTesbHO, HET HEOOXOAMMOCTH CHELHUATIBHO

OoIIpCACIIATh, HAIIPpUMCP, ITOHATHA CJ'Iy‘IElﬁHOFO 6I/IHapHOFO OTHOLICHHUA HWJIN
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CJIy4allHOTO MHO’KECTBAa. B 3TuX cilydasx peub WIET O CIy4yallHbIX BEIMYMHAX
CO 3HAYCHHUSMH B MPOCTPAHCTBE OMHAPHBIX OTHOILICHHM M MPOCTPAHCTBE BCEX
IIOJIMHOKECTB HEKOTOPOT'O MHO>KECTBA.

OTMeTHM Ba)KHYIO C TOUKH 3pEHHUSI MaTEMATUKH MOAPOOHOCTh. B o0uiem
OTIpE/ICTICHUH CIIy4allHOM BEIMUYMHBI pedb UACT TaKKe 00 anredpax u3MEpUMbIX
MHOkeCTB. OJHAKO €CJIM MPOCTPAHCTBO A SABISECTCA KOHEUYHBIM MHOKECTBOM, TO
€CTECTBEHHO CYUTaTh BCE €ro IOJMHOXECTBA H3MEPUMBIM U TEM CaMbIM
n30aBUTHCS OT HEOOXOUMOCTHU U3y4aTh IPOOJIEMbI U3MEPUMOCTH.

JUist onpeneneHus MOHATUSA "TIIIOTHOCTh paclpeiesieHUsl BEPOATHOCTER" B
IPOCTPAaHCTBE A JOJKHA OBbITh 3aJaHa HekoTopas wmepa u. DyHKUuA
f(X), Xxe A, sABIIAE€TCS IUIOTHOCTBIO CIyYallHOM BEIMYMHBI X TOTJA M TOJIBKO

TOr/a, Korjaa Jyis JiroOoro (M3MEepuMoro) MoJMHOXKECTBAa B mpocTpaHcTBa A

BBIIIOJIHCHO PaBCHCTBO

P(X €B) = f()u(dx). (1)

Ecnu mpocTpaHCTBO A SIBIETCS MHOXECTBOM JICMCTBUTEIBHBIX YHCEN, & MEpa
4 OTpe3Ka €AMHUYHOM JIMHBI paBHa 0, To B mpaBoi yactu ¢popmyisl (1) crout
OOBIYHBIA HHTErpasl. AHAJOTUYHO, €CIIU TMPOCTPAHCTBO A - KOHEYHOMEPHOE
€BKJIUJIOBO MPOCTPAHCTBO, TO TpaBasi 4acTh (Gpopmyibl (1) - 3TO U3BECTHBIN B
MaTeMaTHYECKOM aHAJIN3€ MHOTOMEPHBIN HHTErpall.

B nmapametrpuueckoil CTaTUCTUKE TPUHUMAIOT, YTO MJIOTHOCTh 3aBUCHUT OT
napaMeTpa, KOTOPbI MOKHO OILIEHUTh 1O BbIOOpKe. I[logpoOHee: MIOTHOCTH
pacripesielieHusi BEPOSATHOCTEM SJIEMEHTOB BBIOOpKM uMeeT Bui f(x,0), rae
6€0®. 1o BeIOOpKE X; X3, ..., X, HEOOXOAMMO OIICHUTH 3HAYCHHUE MapaMeTpa
0e0.

Jlnst pemienust 3Toi 3amadym paszpaboraH psg MeTofoB. OauH U3 HUX
OCHOBAH Ha PacCMOTPEHUS PYHKIMH MPaBAONOI00MS

09Xy, X X,10) = (X0, 0) F (X, 0)... (X, 6), (2)
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T.. IUIOTHOCTh COBMECTHOTO pacHlpeeicHUss N 3JICMEHTOB BBIOOPKU B
HaOJr01aeMoi Touke N-mMepHOro mpoctpancTBa (Xg Xy, ..., Xp).
Ecinu BeiOOpka X; X, ..., X, B3ATa U3 paclpe/ielieHus CO 3HAYECHUEM

mapamMcCcTpa 90€®, TO CCTCCTBCHHO OXHAATb, YTO 3HAYCHUC (I)YHKLIHH

npaBaonoo0us (2) MaKCUMaIbHO TI0 & €® (TMpH PUKCHUPOBAHHBIX X1 X3, ..., Xp)

UMEHHO B TOUYKE 6,€®. DTO CcOOOpak€HUE JAeT HHTYUTUBHOE OCHOBAHHE
OLICHUBATh HEW3BECTHOE 3HAYCHHE Mapamerpa 6, €®, MyTeM MaKCUMH3ALHH

bynkun npasaonoaoous (2). Ipyrumu crioBamu, NpeiaracTcs UCIOIb30BaTh
OLIEHKY MaKCHMaJbHOIO MIPABA0NOI00Us O* - pelleHue 3a4a4u ONTUMU3ALNN

9(Xy, X5, X ;0) > max, O, (3)

OO6cyanm 3To NpeIoKEHUE.

OueHkn MaKCMMAJILHOTO MIPAaBA0INOA00HS B MPOCTPAHCTBAX 00IIel
NPUPOABI

[Ipy wm3yyeHUM OIEHKH MAKCHUMAaJbHOI'O IPaBIONOA0OUs HEOOXOIUMO
OTBETUTH HA PsJI BOIPOCOB:

- CYIIECTBYET JIM peleHue 3anaqu (3);

- SIBJISICTCS JTM OHO €TUHCTBEHHBIM;

- ABJISICTCS JIU OIIEHKAa MaKCUMAIBHOTO MPABIONIOI00MS COCTOSITEIHHOIM;

- KaK COOTHOCHUTCS ATa OLIEHKA C IPYTUMHU OIIEHKaMH TOTO e mapamerpa’?

Ecnu MHOXeECTBO 3HaU€HMI mapameTpa ® OMKOMIAKTHO (T.€. U3 Jt000ro
MOKPBITUSI ©  OTKPHITBIMU MHOXECTBAMHU MOYKHO BBIICJIUTh KOHEUYHOE
MOKPHITHE), TO OILEHKa MAaKCUMaJIbHOTO TPaBIONOAOOUS  CYIIECTBYET.
bukoMmmakTHOE MPOCTPAaHCTBO 000OIIAET MOHITHE O 3aMKHYTBIX OrpaHUYEHHBIX
MOAMHOKECTBAX KOHEYHOMEPHOTO €BKJIMJIOBA MIPOCTPAHCTBA Ha
TOIMOJIOTUYECKHUE TTPOCTPAHCTBA MTPOU3BOJILHON MPUPOIBI.

KoHTpnpumepbl moka3sIBaloT, 4To perieHne 3anadu (3) MOXKET ObITh He

CANHCTBCHHBIM.
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[lpyn ecrecTBEHHBIX NPEANONOKEHUAX (CM., Hampumep, [1]) oueHka
MaKCHMaJbHOTO MPaBIOMOA00uUS ABISETCS cOocToATeabHOU. Huxke mompoOHee
U3yYUM aCHUMIITOTUYECKOE MOBEJICHUE TAKUX OIEHOK.

Cpenu Bcex OLIGHOK OJHOMEPHOro napaMmerpa 6e€® AMCIEPCUS OLIEHKH
MaKCHMaJbHOTO TPaBIOMOA00MS, KaK MPaBUIIO, SBISETCS AaCHMITOTUYECKU
MUHUMaNbHOH. OHa NPUHAUIEKUT K KJIAcCy HAWIYYIIMX aACUMITOTHYECKH
HOpMaJbHBIX OIEHOK. OJHAaKO TMpU KOHEYHBIX OOBEMax BHIOOPOK B psfe
CllyyaeB CYyIIECTBYIOT OLEHKM ¢ MeHblledl aucnepcuedt. Hampumep,
HECMEILIEHHBIE OLICHKHU.

B HekoTopeix ciydasx 3amady (3) ymaercs pemuTh B SIBHOM BHIE, T.C.
BBINKCATh OLICHKM MaKCHMAaJbHOIO IMpaBAoIonoous B siBHOM Buzae. Hanpumep,
€CII U3BECTHO, YTO DJIEMEHTHI BHIOOPKH MMEIOT HOPMAJIbHOE PaCcHpe/eieHUe C
JIBYyMsl HEM3BECTHBIMHU TIapaMeTpaMyd - MaTEeMaTHUYECKUM OXHJIaHUEM U
JUCHepcuel, TO OLIEHKAMH MaKCHUMAaJIbHOIO MPaBJONOA00MS 3THX MapaMETPOB
SBIIIIOTCA BBIOOPOUHOE cpefHee apu(METHYECKOe SJIEMEHTOB BBIOOPKH U
BBIOOPOYHAS TUCTIEPCHSI.

OpHako BO MHOTHMX cllydasx (Hampumep, NpU OLIEHWBAHWU NapaMeTpoOB
raMMma-pacrpeziesieHus: Win OeTa-pacnpesenienns) 3aaaqy (3) Helb3sl pelnTh B
sBHOM BHJe. Hekoropble aBTOpBI HpeIaraloT HCIOJIb30BATh T€ WM HHbBIE
YHUClIeHHbIE MeTOABl. OAHAKO CXOAWMOCTh TaKUX METOAOB HAJO0 JOKa3hIBaTh B
KaXIOM KOHKpPeTHOM ciydyae. Kpome TOro, HMEIOTCS MOTPEIIHOCTH
BBIUMCJICHUM, B pE3yJIbTaTe Y€ro MpPOXOAUTCS MOCTAaBUTh MOJ COMHEHHUE JIaxe
COCTOSITENIEHOCTh PE3yJIbTATOB YHCICHHON ONTUMHU3AIMU. Tak, U3 pe3yabTaToB
CTaTUCTUKU MHTEPBAJBHBIX JAaHHBIX CIEAYET, UTO TUCHEPCHs TAKHX OLIEHOK He
MOJKET OBITh MEHBIIIE HEKOTOPOU MOJIOKUTETHHON BETMUNHBI. MOKHO TBITAThCS
NIPEOAOJETh ATO 3aTPyJHEHUE, YBS3bIBas TOYHOCTHh BBIYHCICHHH ¢ 00BEMOM
BBIOOPKH - YeM OH OOJIblIe, TEM TOYHEE JOJIKHBI MPOBOJUTHCS BBIUMCICHUS (C

JIBOMHOW TOYHOCTBIO U T.II.).
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[Tostomy B [2, 3] pekomeHmyeTcs BMECTO OILIEHOK MaKCHUMaJIbHOTO
paBAONoOA00Hs UCIOJIb30BaTh OJHOIIArOBBIE OIIEHKHU, T.€. IEPBYIO UTEPALUIO
npu pemenun 3anaun (3) mo meronay Heiorona-Padcona). Dt oneHku, Kak u
OLICHKM  MaKCHUMaJbHOTO  MpPaBAONOAOOWs,  SIBISIOTCS  HAWIYYIIUMHU
ACUMITOTHYECKH HOPMAJIbHBIMHU OIICHKaMH, T.€. B aCUMITOTUKE 3TU J[Ba BUJAA
OILICHOK OJIMHAKOBO Xopoliiu. bojiee Toro, oJHOIIaroBbIe OIEHKHU OTINYAOTCS OT
OIICHOK MAaKCHMaJIBHOTO TPAaBAONOMO0MS Ha OECKOHEYHO Majble Ooiee
BBICOKOT'O TIOpsIJIKa (110 CPAaBHEHUIO C OTKIIOHEHUSIMU OIIEHOK PaCCMaTPUBAEMbBIX
BUJIOB OT OLEHUBaeMoro mnapamerpa). OJHAKO BECOMBIM IPEUMYIIECTBOM
OJTHOIIIATOBBIX OIIEHOK SIBJISIETCSI TO, YTO OHU 3aJar0TCs SIBHBIMU (OpMyliaMu, a
[OTOMY OIMCAHHBIE BBIIIE CIOKHOCTH BBIUMCIMTEIBHBIX HMPOLEAYP PELICHHS
3agauu (3) cCHUMAIOTCS.

OpnHako B pacnpOCTPaHEHHBIX Y4YEOHHMKAax IO TEOPUU BEPOSITHOCTEH M
MaTEeMaTUYECKOM  CTAaTUCTUKE  MPOJO/DKAIOT  PEKJIaMUPOBAaTh  OLICHKH
MaKCUMAaJbHOTO MpaBAONOA00Hs, a 00 OJHOIIATOBBIX OLICHKaX Jaxe He
ynomuHatoT. [lpuumHa - B Tpaaumuu, B TOM, YTO TaKHe Y4YCOHUKH
COOTBETCTBYIOT HAy4yHOMY YpoBHIO cepeaunbl XX B. I[lopa meHaTh 3Ty
TPaUIIHIO.

[TockonbKy MakCUMyM (QYHKIIMUA C TOJOKUTEIbHBIMU 3HAYCHHUSIMU
JIOCTUIaeTCa B TOM k€ TOYKE, YTO U MaKCUMyM ee jorapudma, 1o u3 (2) u (3)
CIIEyeT, YTO JJIs MOJYYEHHs] OILIEHOK MaKCHMAaJbHOIO MPaBIONOA00US HaJo

peuiaTb OIITUMHU3AIINMOHHYIO 3aa1y

In g(Xl,XZ,...,Xn;H):Zn:In f(Xi0) >max, 6€©. 4)

i=1
JIns u3ydeHus: aCUMIITOTHYECKOTO TMOBEJACHUS OIEHOK MaKCHUMaJbHOIO
MpaBAOMOA00US MOXXHO TPUMEHUTh pe3ylbTaThl CTATUCTUKA HEYUCIIOBBIX
JIAHHBIX (TOYHEE, CTATUCTUKH B IMIPOCTPAHCTBAX OOIIEH MPUPOIBI - IIEHTPATLHOMN
00JIaCTH CTATUCTUKH HEYHUCIIOBBIX JaHHBIX). Pemenuem 3amaum (4) sBisercs

MHOKECTBO
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En(Xl,Xz,...,Xn)zArgmax(%znlln f(Xi,e)j. 5)

60

31ech MCHOJIB30BaHO OOO3HaueHue Arg max - COBOKYITHOCTh BCEX 3HAUYCHMIA
napamMeTpa, Jijisi KOTOPBIX JIOCTUTaeTca MakcuMyM B 3anaue (4). OTMeTuM, 4To B
npaBoil yacTu (5) CTOUT MHOXKECTBO, KOTOPOE MOXKET COCTOSITh 0oJjiee YeM W3
onHoui Touku. IlpaBas 4dacTth (5) 3amaeT MHOKECTBO BO3MOXKHBIX 3HAYCHU
OIICHOK MaKCHUMaJIbHOTO TIPaBAONOA00US.

B cootBercTBUM ¢ 3akoHOM OOJBIIUMX 4YHUCEN TEOPUM BEPOSATHOCTEU
BBIOOpPOUYHOE cpenHee apudMeTHdeckoe B MIpaBod dacTu (5) CXOAUTCS MpU
0e3rpaHUYHOM pOCT€ O00BbeMa BBIOOPKH K MaTEeMaTHYECKOMY OXHIAHUIO

cjara€mbIx, T.€C.
%im £(X,,6) = M(In £ (X, 0)) (6)
i=1

MpU N—>+oo (MPU BHIMIOJTHEHUH COOTBETCTBYIOIIMX YCJIOBUU PETYJSPHOCTH).
BBeaem TeopeTudeckuii aHaior MpaBoid YaCTH COOTHOIIECHUS (5):

E(X,) = Arg max(M(In f(X,,6)). (7)

OtMetnMm, 4TO cooTHowmeHue (5) 3amaeT aHalor >SMIUPUYECKOTO
cpeaHero, a (7) - TeOpeTUIECKOro CPETHETO.

B cratuctruke HEUHCIOBBIX JaHHBIX HAWJICHBI YCIOBHS, MPU KOTOPHIX

E, (X, X,y X,) > E(X)) (8)

npu n—>-+oo. B neBolt u mpaBoil YacTsIX COOTHOIIEHHS (8) CTOAT, BOOOIIE
rOBOpPSi, MHOXECTBA, [MOATOMY YTOUHEHHME MOHITHS CXOIUMOCTH B (8) Tpedyer
UCITOJIB30BaHUS COOTBETCTBYIOIINX MaTEMaTUYECKUX KOHCTPYKITHH,
pa3pabOTaHHBIX B CTATUCTUKE HEYMCIIOBBIX JaHHBIX [4].

ACHUMITOTHYECKOE TOBEJCHUE OICHOK MaKCHMAJIBHOTO TPABAOMOA00MS
onuchIBaeTcs cooTHommeHueM (8). M3 Hero BBITEKaeT, 4TO IS TOTO, YTOOBI dTa
OIICHKA, OIpejeieHHas paBeHCTBOM (5), OblIa COCTOSITEIBHOM  OIEHKOM

napameTpa 6, € ® , He0OX0IUMO U JOCTATOYHO, YTOOBI
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{6} =E(X,) = Argmax(M (In f(X;,6)). (9)

00
Takum 00pa3om, HE0OXOAUMO, YTOOBI MHOXXECTBO (7) COCTOSIIIO M3 OJHOU

TOYKH, COBIAAAONICH C 6, €O .

Crydaii, Korja MHOKECTBO BO3MOXHBIX 3HAUEHHUI apamMeTpa @ JIEXHUT B
KOHEYHOMEPHOM E€BKJIMJIOBOM ITPOCTPAHCTBE, INIYOOKO M3YyYEH B KJIACCHYECKOM

MaTeMaTHYeCKO# craructuke [1].

OcHoBHas1 uaesi 0000IEHHOT0 METOAa MAKCMMAJILHOTO NPABA0NOA00M s
IIpy COOTBETCTBYIOIIUX YCIOBUSX PETYJSIPHOCTH, TMPUBEICHHBIX B
MOHOTpadusxX U yueOHHKAX MO MAaTEMAaTUYECKOW CTaTUCTHKE, PEIICHUE 3a/Ja4u
(4), Ha3pIBaeMO€ OIICHKOH MaKCHUMaJIbHOTO IPAaBAOINOI00MS, CYIICCTBYET,
COCTOSITEIbHO, AaCUMOTOTHYECKH d(PPexkTuBHO. JlJIS YUCIOBBIX CIy4ailHBIX

BEJIMYMH PACCMOTPHUM COBOKYITHOCTh (DYHKIIMI pacrpenesieHus
Q(0) :{j f(x,0)dx, O @} .

OgHuM W3 YCIIOBHM PETYJSIPHOCTH  SIBJSIETCS  CYLIECTBOBAaHHWE B3aWMHO
OJTHO3HAYHOTO COOTBETCTBUS MEXKIy O m Q(®). IloaToMy MOXHO cuuTath, 4YTO
0 =0Q(®), T.. MaApaMETPUUYECKOE MPOCTPAHCTBO O SABIISIETCA MOAMHOXKECTBOM
MHOKECTBa BCceX QYHKITUN pacTpeeeHus, KOTopoe Mbl 0003HauuM Q.

B HekoTOpBIX  BaXHBIX Uil NPUWIOKEHHM  CIydasx  OLIEHKA
MaKCHMAJIbHOTO TIPaBI0NOA00HUs HE CYIIECTBYET, PETYISIPHOCTh HE UMEET METa,
IIOCKOJIbKY HEKOTOpbIE JONYCTHUMBIE PACHPEIACICHUSI HE WUMEIOT IUIOTHOCTEM.
TaKOBO TIOJIOKEHUE, HAIPUMEpP, KOrJa MNapaMETPUYECKUM ITPOCTPAHCTBOM
SBJISIETCS MHOXKECTBO BceX (yHKUMM pacrmpeneneHus, T.e. ©=Q,. B rtakux
ClIydasX MOXET TIOMOYb OIKMCAHHBIA HWXKE MeToa  00OOIIEHHOIO
MaKCHMAJIbHOT'O TPABAOIOI00MS.

Ilycts Xi, Xy, ..., X, - HE3aBUCHUMBIE OJMHAKOBO paCIpEACIICHHbIE

Clly4yailHple BEIUYHMHBI, MMEIOLIME HEU3BECTHYIO CTaTUCTUKY (PYHKIUIO
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pacnpenenenus F, BXoAsulyro B WM3BECTHOE €My CEMEHCTBO pacmlpelieleHui

QcQ,. Ouenky F mpenmaraercs uckarhb cienyromum oOpazom. Ilycts p -

metpuka Jleu B Q. PaccMoTpum mocnenoBaTebHOCTh MOAMHOKECTB Q1, Qo,
., Qn, ... MHOXKECTBa Qp, 3aMKHYTBIX B TOITOJIOTHH, ITOPOXKIACHHOW METPUKOMH

JleBn, u Takux, 4To Q, cQ, mpum<p,a o0vequHeHue Bcex Qj BCIOAY MIIOTHO

B Qo. HYCTB OCHKa MaKCHMAJIbHOI'O HpaBI[OHOI[O6I/I$I CymCcCTBYCT B OOBIYHOM

cMmbiciie pu © =QNQ, . O603HauMM 3Ty OneHKy Fqy. Onenkoit 0600IeHHOTO

MaKCUMaJIbHOTO TpPaBAONOAOOMs Ha3bIBaeTcs mnpenen Fny npu Oe3rpaHnyHOM
pocte BcriomMoraTesbHoro napamerpa N, T.e.

lim Fy = F,,, (10)

N—0

€CJIM YKa3aHHBII Mpeen CyIIeCTBYET.

EcTtecTBeHHO, BO3HUKAIOT TPU BOIIPOCA.

a) Korma cymectBytot onenkn Fny?

06) Korma cymectByeT oreHKa ~O0OOIIEHHOTO  MaKCHUMAaJlbHOIO
npaBaonoaoous?

B) Korma omeHka o0000IIEHHOTO MaKCUMalbHOTO MPaBAONOa00Ms
ABJISIETCSA COCTOSITENbHOM ?

Ha mnepBpii uX 3TUX BONPOCOB OTBETUTH JOBOJBHO JieTkO. Ilycth
wiotHocTh f(X) = F ' (X) dynkuuu pacnpenenenus F(X) sBisiercss HenpepbIBHOM

dbynkmuen ot F eQ, mpu moo6om X u mooom N, npudem Qy - komnakTel, a Q
3aMKHyTO. Torma QMQ, TakXe KOMMAKTbl, M MAaKCUMyM HEIPEPbIBHOU

GyHKIIMM ~ JOCTUraeTcsi, T.e.  CYIIECTBYeT  OLEHKa  MaKCHUMAaJbHOTO
npasgononodus Fny. B To jxe BpeMs aBTOpy HEM3BECTHBI OTBETHI Ha BOIIPOCHI 0)
U B) B 00111eM CiTydae.

T'unomesa. Ilpu  HEKOTOpPBIX  YCIOBHUSX  PEryJSIPHOCTH  OLIEHKA
0000IIEHHOTO MaKCUMaJILHOTO TPaBIONOA00OUS CYIIECTBYET U  SBJISIETCS

COCTOSATEIHHOM.
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B xome pampHEHMIIUX MCCICAOBAHUM JKEJIaTENbHO JI0Ka3aTh MU
OMpPOBEPTrHYTh ATy THUIOTE3y, a TakkKe HalTu KaKue-mubo  yCIIOBUS
CYIIECTBOBAHHMS W COCTOSITEIbBHOCTU OILICHOK O0OOOIIEHHOT0 MaKCHUMaJIbHOTO
MPaBIONOA00US, YACTHBIMH CIIy4asiMH KOTOPBIX SIBJISIIOTCSI IPUBEICHHBIC HIKE

IIPUMEPBI.

IIpuMepbI OLIEHOK 0000IIIEHHOT0 MAKCHMAIBHOTO MPAaBI0M0100Us

B [5] mpemnoxeno B kauectBe Qy paccMaTpuBaTh COBOKYITHOCTb
byHkIui pacnpeneneHus, uMeronux miotHoctu f(X), odpamaromuecs B 0 BHE
3aMkHyTOro otpe3ka [-N, N] u Takue, uto mpu Bcex X, Y

[fO) - fY)I <N [x - y. (11)
Jlerko BUACTH, YTO TakK omnpeneiacHHoe Qy o00JamaeT BceMH CBOWCTBAMH,
COpMYJIMPOBAHHBIMH  BBIIIE B KA4eCTBE  JIOCTATOYHBIX  YCIIOBHIMA
cymecTBoBaHMs Fpy.

ABTOpY M3BECTHO YETHIPE MPUMEPa, B KOTOPBIX Obljla BHIYHCIICHA OIICHKA
000011I€HHOT0 MaKCUMaIHLHOTO MPaBIONOI00MS.

(I) B cnyyae Hanbosiee OOMIMPHOTO MAapaMETPUIECKOro mpocTpaHcTBa Q
= Qo OIEeHKOW 000OIIEHHOTO MaKCHUMAJIBHOTO IMPaBIOMNO00Ms, KaK MOKa3aHO
HWKE, SBIISICTCS SMITUPUYECKast PYHKIHUS pacTpeaciiCHusI.

(I1) Cnyugait, korma Q cOCTOMT M3 BCeX HMEMOIUX IIOTHOCTH f(X)
byukuuii pacnpeneneHus F(X) Takux, 9to QyHKIHS

f(x)
1-F(x)

He yObIBaeT, uzyueH Y. ['peHanziepoM [5] B CBSI3U CO CTATUCTHYCCKUM aHATH30M
JAHHBIX O CMEPTHOCTH HACEJICHUSI.
(I11) MuoxectBo Q Bcex (yHKIUIT pacrpenesieHusi, UMCIOIINX HYJICBOE

MaTeMaTHuecKoe oxxuaanue, paccmarpusan FO.H. Tropun [6].
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(IV) Asrop um3yuan [7] mHOXecTBO Q BCeX HENMPEpPHIBHBIX (DYHKIMH
pacnpezenenuss F(X), CHMMETPHUYHBIX OTHOCHTEIBHO HYJISA, T.C. TAKUX, YTO IPHU
BCEX X

F(x) =1 - F(-x), (12)
a  TaKwKe  HEKOTOpBhIE  MPOCTpaHCTBAa  (QYHKIUNA  paclpeaciiCHHUs,
YIIOBJICTBOPSIONINX 0OJIEe CIIOKHBIM YCIOBUSIM CHMMETPHH.

Bo Bcex deTplpex ciydasx OICHKA OOOOIIEHHOTO MAaKCUMaJIbHOTO
NPaBIONONO0Us SIBIISIOTCS COCTOSATENBbHBIMH. bojee Toro, B cimyuae (I) ata
OlLICHKA SBJSICTCSA TakXe MHUHUMakcHOW, a B ciuydae (V) - mpoekuued B
CCTECTBEHHON METPHKE OJMIUPHUECKOW (DYHKIMM  paclpeiciicHus Ha
npoctpancTBO  Q Bcex HempepbIBHBIX (GYHKIMHA pacnpeneiacaus F(X),
CUMMETPUYHBIX OTHOCHUTEIBHO HYJIA, T.C. YAOBICTBOPSIOMIUX COOTHOIICHHUIO
(12). Bo Bcex ciydasx B kadectBe Qy HCIOJIB30BajOCh paHEe BBEICHHOC
MHOKECTBO (DYHKIIMI pacmpeliesieHus, yJIOBJIETBOPSIOMUX HepaBeHCTBY (11).
UccnenoBanrie >(OPEKTUBHOCTH  OLEHOK OOOOIIEHHOTO  MaKCHUMaJbHOIO
MpaBAoNoAo0Us - MpeAMET AAIbHEHUIINX WCCIEeNOBAaHUN, BKJIIOYAIONIUX, B
YaCTHOCTHU, (POPMYITUPOBKY CAMOTO MOHATUS d(PPEKTUBHOCTH.

[lepeiinieM K BBIYUCICHUIO OIEHKHM OOOOIIEHHOTO MaKCUMAaJIbHOTO
npaBonon00us B HanboJee mpoctom ciydae (1).

C BepostHocThiO | HuKakue pABa HaOmogeHuss X; Xp, ..., X, He
coBMaaalT. BBemeM B paccMmorpenue 3HadeHus mmiiotHoctd f(X) dyHkmm
pacnpeneneHus HaOMIOEHNN B TOYKAaX, BKIFOUCHHBIX B BBIOOpKY. OO03HaUMM
st 3Hadenms F ' (X)) = (X)) = ¢, i = 1,2, ..., n. Ha ocHoBe (11) onenum
¢dyuknuto f(X) cauzy. B cuny nummuneBocta f(X) nmeem

f(x) > fi(x),

rae fi(X) - dyHkuMs TpeyroapbHOTO BHIA, paBHas Cj B X; u paBHas 0 B TOYKax

C. C. o )
X; _WI n X, +WI’ JMHENHO Bo3pacTaromias oT 0 10 Cj Ha OTPE3Ke {Xi —%, Xi} C

koa(durmentTom N npu JIMHEHHOM YJieHE W JIMHEWHO yObiBatomias oT C; 1o 0 Ha
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OTpE3Ke [Xi, Xﬁ%} ¢ ko3pdummentom (-N) mpu nuHEWHOM wieHe. Takum

o0Opa3zom,

0, x<Xi—&,
N

N(x—xi +Cﬁj X, —%s X< X,

fi(X): C C

N(Xi +—'—xj, X; <X< X, +—,
N N

0, x>Xi+&.
N

i

[Tpu mocratoyro G6ombmuX N MPOMEXKYTKH MOJOKUTEIBHOCTU (DYHKITHIA
fi(x) u fj(X) umeror mycToe nepeceuenue npu i= j. Jlerko BUIETh, YTO OLEHKY
MaKCUMAaIILHOTO TIpaBaonoaoous Fny ciieayeT uckath cpeau TeX MIoTHocTeH f,

HJIs1 KOTOPBIX

n
FO) =2 fi(x).
i-1
[Tockonbky
+00 C-2
f,(x)dx =—,
J fi09ax=4
TO C IS0 HaxoXkIeHuss OLICHKH MaKCUMAaJILHOTO TIpaBaonoaoous Fny mpuxoaum

K OIITUMHU3AILIMOHHON 3aJ1aue

¢,C,C,..C, — Max,
c+ci+c.+..+C2 =N,
.20, i=123...Nn.

Pemmenue »Toit 3a1a4uu TaKOBO:

CHGI[OB&TGJIBHO, OHGHKOﬁ MaKCHUMAaJIbHOI'O HpaBI[OHOI[O6I/I${ ABJIACTCA

bynkuust pacnpeneneHuss Fpy, TOCTpoeHHass TyTeM HWHTETPUPOBAHUSA
HalJICHHOM HaMHU IJIOTHOCTU. Ha Ka)X1oM U3 MHTEpBajoB [Xi -

1 1

ee mpupaineHue paBHo 1/n, a Ha Jr000M HMHTEpBaje, HMEIOIIEM IIYCTOE
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nepeceyeHre ¢ 00ObeTMHEHNEM YKa3aHHBIX HHTEPBAJIOB, MpHpamieane pasHo 0.
CrnenoBatenbHo, paccrosiHue JleBu mexny Fny u smmupuyeckoit ¢yHKImei
pacnipenenenus F, me mpeBocxoaut 1/+/Nn, a moToMy oleHKa 0OOGIIEHHOTO
MaKCHUMAaJIbHOTO TIPaBAOINOA00MS CYIIECTBYET M COBIAAacT ¢ F, sBisromieics,
KaK M3BECTHO, COCTOSTEIILHOM OIleHKO F.

Cayuaii (IV) paccmaTpuBaeTcsi aHaJIOTMYHO, B TEM OTJIMYHEM, YTO BCE
UCTIONIb3YeMbIE B PAacCYyKIEHUSX  (QYHKIIMH  pPACIpENeCHHs]  JIOJDKHBI
yIOBJICTBOPATh paBeHCTBY (12), a WX TUIOTHOCTU JOJDKHBI OBITH UYETHBIMHU.
CrnenoBatenbHO, (YHKIIUU TPEYTOJIBHOTO BHAA TOJDKHBI CTPOUTHCS B 2N TOYKAX
Xi, (X)), 1 =1, 2,3, ..., n. Bmecro F, ornieaka 0000IIEHHOI0 MaKCHMAaJIbHOTO
npasaonoao0us - ¢yHkus pacupenenenus G,, UMeEmas CKaYKd BETUIHMHON
1/(2n) B aTHX 2N Toukax. Takum oOpa3om,

F (x) + (1= F,(=x))
2

G, (%)=

npu Bcex X, kpome 2n Touek X, (-Xi), 1 =1, 2, 3, ..., n, a B atux Toukax G,
ONpeeNsIeTcsl TaK, YTOObl ObITh HENMPEPHIBHOM CleBa, KaKk 3TO TpeOyeTcs B
onpeneNeHu  QyHKUMHM  pacrpeneneHuss  (OTMETHM, 4YTO  HEKOTOPBIX
JUTEPATYPHBIX UCTOYHUKAX OT (PYHKIMHU pacrpeaesieHus TpedyeTcs, Hao0opoT,
HEIPEPBIBHOCTH CIIPABa).

Beimie  ormeueno, uro B caydae (V) omenka 0000IIEHHOTO
MaKCHMAaJIbHOTO MPaBAONOI00US SIBISETCS MPOCKIIMEH SMITUPUUECKON QyHKITHH
pacrpesieieHuss Ha IPOCTPAHCTBO CHUMMETPUYHBIX OTHOCHUTEIBHO  HYJIS
byHKIMl  pacnpeneneHus.  ['eomeTrpuueckass — TEOpUS — [POEKTHPOBAHMS
IMIUPUIECKON (QYHKIIUM paclpeiesieHus] Ha pa3ludyHble PaclpOCTpaHEHHBIC B
NPWIOKEHUSIX TpocTpaHcTBa paszButa B paborax HO.H. Twopuna, E.B.
Xwmanamze, FO.A. KomeBuuka [8]. Kpome Toro, b.S1. JleButr nokaszan, d9To
OllcHKa OO0OOIICHHOTO MaKCHUMallbHOTO mpaBaononodus B ciaydae (I1V), T.e.
CUMMETpPU30BaHHAsl AMIOUpHUUYECKas (YHKLUMS paclpeneeHus, SBIsIeTCS B

HEKOTOPOM CMBICJIE HEYJydlllaeMOl. DTOT pe3yJbTaT SBJSIETCS OJHUM U3
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CIEACTBUNA  JOKa3aHHOr0O WM  00OOIIeHWs  HepaBeHCTBa [aeka Ha

OECKOHEYHOMEPHBIN CITydai.

3akioueHue

B cratee HaliieHO HEOOXOOMMOE W JOCTAaTOYHOE  YCJIOBHUE
COCTOSITEILHOCTH OIEHKA MaKCHUMAaJIBHOTO MPaBAONon00Hus B 00mEeM ciydae.
Jlst 3TOTO MOHAAO0MIIOCH MPUBIICYhL MATEMATUYECKUN armapaT CTATUCTUKUA B
MIPOCTPAHCTBAX MPOW3BOJILHON MPUPOJBI - IEHTPATBHONH 00JaCTH CTATHCTHKH
HEYHCIIOBBIX JTAHHBIX.

3aTeM MBI TIEPENnId K PACCMOTPEHHUIO CUTYAIluH, KOT/Ia PEIICHNEe 3a/1auu
MaKCUMU3alMi (PYHKIIMU MPaBIONO 00U HE CYIIECTBYEeT. B aToM ciydae s
OICHKH (DYHKIMHM  pPACTIPENCICHUS U3 COOTBETCTBYIONIETO MHOYKECTBA
MPEMIOKEHO  HMCIOJB30BaTh  ONHWCAHHYI0O HaMH  OOOOIICHHYIO  OIICHKY
MaKCUMAaJIbHOTO MpaBiono106us. Takoil moaxo/1 OTIaJeHHO HATOMUHAET METOJ]
perynsapu3anid TUXOHOBA, TpPEIHA3HAYCHHBIA IS PEIICHUS HEKOPPEKTHBIX
ornepatopHbIxX 3a1a4u [9]. PaccMOoTpeHbl  mpUMeEpbI  OLEHOK  O0OOIIEHHOTO
MaKCUMaJbHOTO TpaBjonoaoous. Kak mokaszaHo B cTaThe, UMM SBIISIOTCS, B
YaCTHOCTH, SMIMpUYECKass (PYHKIUS paclpeneiieHus W €€ CHUMMETph3allus,
MOJIyYeHHas] B TIPENIOJIOKEHUHU, YTO OllCHHBaeMasi (DYHKIMS pacrpeaesieHus
CAMMETPUYHA  OTHOCHUTEIbHO  HyJIsd.  CumMmeTpu3oBaHHas  (QYHKIUA
MPUMEHSIETCS, B YACTHOCTHU, TIPHU MPOBEPKE OJHOPOTHOCTHU CBA3AHHBIX BEIOOPOK.

CdopmynupoBaH psifi HEpEUICHHBIX 3a7ad, CBSI3aHHBIX C pa3pabOTKOMH
0000IIIEHHOTO METO/Ia MAaKCUMAJILHOTO MPaBaonoaoous. VX peneHuto J10KHbBI

OBITh ITOCBAIIICHBI H&HBHGﬁHIH@ HCCICOAOBaHUA.
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