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s oOo3HavueHust rpada — KOHEYHOrO WM OECKOHEYHOro B paboTe

UCTIONIBb3yeTCs o0menpuHsaToe obosnayenne G = (V, E) [1, 2].

s omnpenenenus mnpeadpaktanbHbix (prefractal) u  ppakrambHBIX

(fractal) rpadoB mnpuBenem nOMONHUTENBHBIE oOmpeneneHus (B CcKoOkax

IIPUBOIATCS aHTJIOS3BIYHAS TepMUHOJIOTHS) [3, 4].

! Pa6ora BeimosHeHa mpu nomnepkke POOU (poextst Ne 17-06-0057

16-29-04268).

http://ej.kubagro.ru/2017/10/pdf/15.pdf
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3ampaskoii (Seed) Ha3pIBaeTCsS KaKOW-JIMOO CBA3HBIN N -BEPIIMHHBIN Tpad
H =(W,Q) CHemoMeueHHBIMH (HEHYMEPOBaHHBIMH) BEpIIMHAMA VW .

OMEPALVSA 3AMELLEHUSI BEPLUIWHbI 3ATPABKOW

O6o001IeHeM M3BECTHOW OMEpaluu pacujeniieHus Gepulunsl epaga
SBIIICTCS OIepanus 3ameuienus sepuunsl 3ampaskou (3B3, replacement vertex
by seed, RVS). Cytb 3TOr0 00OOMIICHHS COCTOMT B TOM, YTO pacieruisieMast

BEpIIMHA 3aMelaeTcsi He peOpom, a 3aTpaBkoil H.

B) r)

Pucynok 1— Onepanus 3amewenus eepuiuHvl 3ampasrot

Omneparmust 3B3 peanmmsyercst cnemyromuM obpa3zom. B manHoMm rpade

G =(V,E) y nameueHHON U1 3aMelIeHHs BepLIUHBI V, [V BbIICIAETCS €€

okpyxenue (environment of a vertex) — MuoskectBo U BceX BEpIIHH, CMEKHBIX

C BEpUIMHOM V,, U MHOXeCTBO R Bcex peOep, MHLUUICHTHBIX BEpIIMHE

Vo:R={r =(v,,u):udU}, u| — umcno BepumH Bo MHOXectBe U . [lamee

http://ej.kubagro.ru/2017/10/pdf/15.pdf
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oInpezensercss 0ToOpaxeHue ¢ BepIIMH uJU BO MHOKECTBO BEPILUUH 3aTPABKU
H (cm. puc. 1a u 16):

U W, (1)

TO €CTh Ka)KJI0M BEpIIMHE U [JU CTaBUTCS B COOTBETCTBUE OIpeaesieMas
c momoiplo ¢ BepmuHa 3arpaBku (@(u) =vOW ). Tlocne dero y Kaxiaoro
pedpa r =(v,,u)JR BBIICICHHOTO OKpPYXEHHUS KOHELl V, 3aMEHseTCs Ha
omnpenensemyto oroopakenuem (1) Bepumay v =¢(u) 3atpaBku H (cm. puc. 1B
u 1r). Cmapoe pebpo e=(v,,u) B Ho6om M3MEHEHHOM Bune (V,U) COXpaHSeT

nepBoHauanibHOe O00OO03HaueHue (Hymepanuto). Omnepanus 3B3  cumraercs

OKOHUYEHHOH, KaKk TOJNBKO A Kaxzaoro pedpa (v,,u)0JR, uOU 3amemaemas
BepIInHA Vv, OyJeT 3aMeHeHa Ha ompejesieMylo oroOpaxeHueMm (1) Bepurnny
v=¢(u) 3arpaBku H. HeHymMmepoBaHHBIM BepIlIMHAM 3aTPaBKU MPUCBAUBAIOTCS

HOMEpPA C YYETOM YK€ MMEIONIUXCS HOMEPOB APYTHX BEPIIMH AaHHOTO Tpada
G. AHaJOTMYHO TPUCBaWBAIOTCs 0003HaueHUs (HoMepa) peOpaM 3aTpaBKH,

KOTOPBIE 3aMECTUIIM HAMEUEHHYIO BEPIIUHY V.

PaccMmoTpum mosTanHelid npouecc BeinojgHeHus onepauuu 3B3. Ha stane

s=1 B pmanHoil 3atpaBke H =(W,Q) HymepyroTcs BepmIMHBI U pedpa,
noiaydeHHbll rpad obOosHauaercs yepes G, =(V,,E). Ha srame s=2 Bce
BepUIMHBI 'pada G 3amMemarorcs 3arpaskoil H. Ha puc. 2 npencrasien npumep
3aMeLeHNs] BeplIMH rpada G 3arpaBkod H — monHbld 3-BepIIMHHBIA rpad

(TpeyroJIbHUK), TJIe CMEXHOCTh CTapbiXx pedep BeIOMpaeTcsi mpou3BoiibHAs: (a)
MaJbIMU TYHKTHPHBIMH OKPY)KHOCTSIMH OOBEJICHBI BEpIIWHBI, 3aMellaeMble
3aTpaBKoH; (0) CpeaHMMHU MYHKTHPHBIMH OKPYKHOCTSIMH OOBEICHBI 3aTPaBKH,

3ameniaromye BepuHbl, (B) crapsle pebpa rpada G, BBLAEIEHBI KXUPHBIMU

JINHHUSAMMU.

http://ej.kubagro.ru/2017/10/pdf/15.pdf
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H=W.Q

a) 0)

cTapble

HOBBIC
~ pebpa

pebpa "

Pucynok 2 —Omnepauus 3amemenust Bepiunt rpada G, 3arpaskoit

Ha xaxmom cnemyrorem stane S=12,...| k BepmmHam npumeHseTCS
onepauus 3B3, no 3aBepuienuto 3tana | noaydeH rpadg G, =(V,, E ), KOTOpbIil

Ha3bIBaeTCs npeodpaxmanvhvim (€cau | - o, TO pedb HAET O (pPaKTAIEHOM

rpade). Ha srame s=1+1 mng kaxmod BepmmHb VIV, OCYyIIECTBISAETCS

onepauus 3B3 —3amelienre BepiirHbI 3aTpaBkoil H. B mporecce BbIOIHEHUS

3TUX oIepalyii Bce pedpa e[l E, COXpaHSIOTCS U Aajee Ha3bIBAIOTCS CHapbiMu
pebpamu (0ld edges) no oTHOmIEHHIO KO BceM TeKynM rpadam G,,,G,,,,...,G, ,

rae L>1. [Ipu 3ToM Bce crapeie pebpa, MHIIUICHTHBIC 3aMEIlaeMOM BEPIIUHE

vV,, craHoBsTcs (caydaifHbIM, MO0 peryIsIpHBIM 00pa3oM) MHIUACHTHBIMU

BEpLIMHAM 3aTPaBKH, 3aMECTUBIIEH BEPILHHY V.

http://ej.kubagro.ru/2017/10/pdf/15.pdf
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Pebpa kaxmoil W3 TakmMxX 3aMECTHBIIMX 3aTPABOK HA3bIBAIOTCS HOBLIMU
pebpamu (New edges), To eCTh MHOKECTBO HOBBIX pedep MOXKHO MPEICTABUThH
kak E , \E,. IIpu »ToM pebOpa 3TOro MHOXKECTBA SBISIOTCA CMApPbIMU B
Tekymux rpadax G,,,G,s,....G . Takum oOpasom, rpadp G, =(V,.,,E.,)
HOJTydaeTcs B pe3yibTare NpuMeHeHus onepanuu 3B3 k kax ol u3 BepIiuH V.

IIpeogppaxmanvrovui 2pagp odo3Hayaercs yepes G, =(V ,E ), rone V, —
MHOXXECTBO BeplIUH rpada, a E, — MHOxecTBO ero pébep. Omnpenensercst oH
PEKYPPEHTHO, B TOCTPOSHHOM Ha MPEIBIIyIIeM JTame | =1,2,.. L -1 Tpade
G, =(V,,E,) xaxnasa ero BepumuHa 3ameHnsercs 3arpaBkoi H. Ha sranme | =1
npeadpaxkranbHoMy rpagy G cooTBeTcTByeT 3aTpaBka H: G, =H. OO0

OIMCAHHOM IIPOLECCE TOBOPAT, YTO NpendpakTanbHblil rpad G, nOpodicOEH

3arpaBkoii H (generated by seed). Ilpomecc mopoxaeHus: nmpeadpakTaIbHOTO

rpaga G, MO CYIIECTBY €CThb IPOLECC IMOCTPOEHHs MOCIEA0BATEIbHOCTU
npeadpakransueix rpagos  G,,G,,...,G,,...,G,, Ha3bIBaeMOH mpaexmopueii
(trgjectory). ®pakranpnbiii Tpad G =(V,E) ompenensiercs OeckoHeUHOH
TpaekTopueii [5].

Ha puc. 3 npeacraBnena Ttpaekropus G,,G,,G, mpeappakTaabHOTro
rpaga G,, MOPOXKAEHHOIO 3aTPAaBKOM-TPEYrOJIbHUKOM, CMEXKHOCTh CTapbIX

pebep BbIOpaHa IPOU3BOJIBLHOM.

http://ej.kubagro.ru/2017/10/pdf/15.pdf
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Pucynok 3 —Tpaexropus npendpakransraoro rpada G,.

http://ej.kubagro.ru/2017/10/pdf/15.pdf
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- B) >>>>>>>

Pucynok 4 —Tpaexropus npeadpakraasaoro rpadpaG,,

MOPOKACHHOTO MHOXKXCCTBOM 3aTPaBOK H .

O0o0menneM mpouecca MOPOXKACHUA MpeadpakTaabHoro rpaga G,

SBJISIETCS TaKOW Cilydaid, KOTJla BMECTO €JIMHCTBEHHOM 3aTpaBku H 3amaercs

muokectBo 3arpaBok H={H}={H H,,..H,,..,H;}, T=2. Cyms sroro

http://ej.kubagro.ru/2017/10/pdf/15.pdf
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00001IeHNsT COCTOMT B TOM, 4YTO IpU mepexonae oT rpada G,_, k rpadpy G
KaXkas BEpIIMHA 3aMellacTcd HEKOTOpoW 3aTpaBkod H, [OH, koTopas
BBIOMPAETCS CIIy4YailHO WJIM COTJIaCHO OTPEAEICHHOMY MPABUITY, OTPakKaIOIEMy
cnenuuKky MoaenupyeMoil 3amauu. B cooTBeTcTBHE € 3THUM B KauecTBe
npendpakranbHOro rpaga G npuUHUMAeTCs OJHA U3 3aTpaBok H,. MomHoctu
MHOX€ECTBA BEpUIMH 3aTpaBok H, = (W,,Q,), TO €CTb KOJMUYECTBA UX BEPILIUH,
COOTBETCTBEHHO PpaBHBL: MW,|=n,. st ynpouienus B panbHeiumiem OyayT
HCIIONBb30BaThesl  0003Hauenwus: 3arpaska H O{H,}, komuuectBo BepumH

3aTpaBKU N= Max n,, KOJU4YECTBO pedep 3aTpaBKU (= max (.
t=12...T t=12...,T

Ha puc. 4 npencraBineH npuMep MOpoXKACHUS TpeadpakTanbHOro rpada
G,, MOPOXKIEHHOIO MHOXXECTBOM 3aTpaBOK H CMEXHOCTb CTapeIx pebdep
BbIOpaHa MpPOM3BOJIbHOI: (a) H:{Hl,HZ,H3}: H, — moyHblli 3-BEpLIMHHBIIA
rpad-TpeyroibHUK; H, — MOJIHBINA 2-BepIIMHHBIA rpad; H, — 4-BepUIMHHABINA
rpad-3Be3/a; (0) 3aTpaBku, BHOBb 3aMECTHBIIIUE BEPIIUHBI, OOBEICHBI MAJILIMU
NYHKTUPHBIMH ~ OKPYXXKHOCTSIMH; (B) OOJbIIME TYHKTHPHBIC OKPYXHOCTH

00BOIAT moArpadsl, MOSBUBLIMECS BMECTO BeplIUH rpada G, mocie BTOPOro

9Talla 3aMCIICHUS BEPIINH SanaBKOﬁ.
KaHoHWYecknin 1 HekaHOHUYeCKNN NpeadpakTanbHble rpadobl
OTnuuutensHON 0COOEHHOCTBIO nporecca MOPOKICHUS

npeadpakransHoro rpada sBiseTcs TO, 4TO Ha KaxaoM srame | =23...L B
TekymeM rpade G, , =(V,,,E,;) 3aMemaerca TOH WIM IPYrod 3aTpaBKON
kaxkaas BepmmHa vV, . [Ipendpakranpaeie rpadsl, Mory4acMble B pe3yJIbTaTe

TAKOI'o Ipoliecca, Ha3biBaeM kanonuyeckumu (canonical).
B obmem cmyuae wexamonuueckuti (noncanonical) mpendpakranbHbII

rpadg MOpPOXKIAeTCI MHOXKECTBOM 3aTPaBOK H MOITHOCTH H|=1, oIHaKo mpu

OJIHOM IPUHIMIHAAIBHOM OTJIMYMU: IIpU mepexone ot rpada G,_, k rpagy G B

http://ej.kubagro.ru/2017/10/pdf/15.pdf
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tpaexkropuu G,,G,,...,G,,...,G, , 3amemaercs 3arpaBKoil M3 H He Kaxzaas
BepmvHa VOV, a Jullb IOAMHOXECTBO BEpIIMH V" OV, ,, KOTOpOEC

OIpCACIIACTCA h1%(8)0) cnyqaf/iHo, o100  COTJIaCHO KOHKPECTHBIM IIpaBHJIaM,

OTpaXXaroIIUM COJIEPIKATEIbHYIO CIIEHU(UKY MOJICTHUPYEMOM 3aJauH.

Pucynox 5 —HexaHonndecknii npeadpakransaerii rpad G,
IIOPOXKICHHBIN 3aTPABKON-TPEYTOJIbHUKOM.

Ha puc. 5 npencraBieH HeKaHOHMUYECKHH NpeadpakTalbHbld rpad G,

MOPOXKICHHBIA EIUHCTBEHHON 3aTpaBKOW — TIOJNHBIM 3-BEpPIIMHHBIA Trpad
(TpeyroJibHUK), P COXPAHEHUU CMEKHOCTH CTapbix pedep. Bepmmna V' He
Obula 3aMmellleHa 3aTPaBKOM Ha TpeTheM JTale, a BepiuuHa V' 3aMelicHa
3aTPaBKOW TOJBKO Ha TpeTheM. CyMMapHO MOJy4aeTcsl, YTO Ha BTOPOM Iare
TOJNBKO JBE€ BEPIIMHBI W3 TPEX 3aMEUICHbl 3aTPaBKOM, HA TPEThEM LIare
3aMEIIECHbl BCE  BEPIIMHBI KPOME€  OAHOM. MaylbiIMM  NTYHKTHUPHBIMHU
OKPY)KHOCTSIMA OOBEICHBI 3aTPaBKH, MOSBUBIIHECS HAa TOCIEIHEM — TPEThEM

sTame 3aMmelnieHuss BepmmH rpada. B moarpade, oOBeaeHHOM OOJBIION

http://ej.kubagro.ru/2017/10/pdf/15.pdf
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IMYHKTHPHOH OKPY)KHOCTBIO, 3aMEIIajiCh BCE BEPIIMHBI HAa BCEX OJTamax.
daktryeckn 3TOT ToArpad SBISETCS KaHOHWYECKHM monarpadom (canonical
subgraph) wu, ecmu paccmaTpuBaTh €ro  OTACIBHO, — KAHOHUYCCKUM

npeadpakTaabHbIM Tpadom.

B)

Pucynok 6 —Tpaexropust HekaHOHIYEeCKOro npeadpakransaoro rpada G,

IOPOXIACHHOI'O MHOKECTBOM 3aTPaBOK H
Ha puc. 6 npexncraBieH HEKaHOHUYECKHH HpeAdpakTaabHbll rpad G,,

MOPOKJIECHHBIH MHOXECTBOM 3aTpaBOK H, CMEXHOCTH cTapbix pedep BblOpaHa
NPOM3BOJILHOW: (a) BeprmMHAa V' He ObUla 3aMeIIeHa 3aTPaBKOW Ha BTOPOM

stamne; (0) BepimHbl V' 1 V" He 3aMeICHBI 3aTPaBKaMU Ha TPEThEM.

http://ej.kubagro.ru/2017/10/pdf/15.pdf
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Pucynok 7 —HexaHoHndecknii npeadpakransaerii rpad G, .
HerpuBuansubiM ciyyaem omnepaumu 3B3 B mpoliecce MNOpoaeHUs
npeadpaxransHoro rpadga G, tpaekropuu G, = (V,,E), 1=12,.. L fABIIeTCA
3aMEIIEHNE BEPIIMHBI HE 3aTpaBKoH, a rpagoM G, , Tpaektopuu G, = (V,, E,),
| =1,2,...L; tO[L,1 -1].
Ha puc. 7. nzo0paxeH HekaHOHUYECKUN npendpaxkTanpHblil rpagp G,, B

KOTOpPOM Ha IOCICAHEM — YCTBCPTOM OTAlIC IMOPOXACHUA ABC BCPIIHMHBI

3amelnensl rpagom G, u3 tpaekropuu G,,G,,G,.

http://ej.kubagro.ru/2017/10/pdf/15.pdf
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[MpendpakranbHbIin MynbTUrpad

B kadecTBe 3aTpaBOK MOTYT HCIOJIB30BAThCS HE TOJIBKO OOBIKHOBEHHBIE
rpadbl, HO © MynapTUTpadbl, B TOM YHCIE OPHEHTUPOBAHHBIE TpadBbl.
Mynbturpagom (uam  mncepmorpadom) HaswiBaeTcsi rpad, B KOTOPOM
paszpemiaeTcsi MpUCyTCTBUE KPaTHBIX pEOep, MMEIOIIUX OAHHU T€ K€ KOHEUHbIE
BEPIIIMHBI, TO €CTh JBE BEPUIMHBI MOTYT OBITH COCIMHEHBI 0OJiee YeM OHUM
pedpom.

CymiecTByeT HECKOJIBKO pa3lUYHBIX CIOCO00B 0003HauUeHUs pedep
myneTurpada. B ogHOM citydae pedpo ornpenenseTcs] BEpIInHaMi, KOTOPhIE OHO
COEIIMHSET, IPU 3TOM KaXKA0e pedpo MOXKET MOBTOPSATHCS HECKOIbKO pa3. B
IpyroM ciay4ae peOpa SBISIOTCS pPABHONPABHBIMH W JOJDKHBI HMETh
COOCTBEHHYIO HJIEHTU(UKALIUIO.

[Ipendpakransusiii Tpad, MOPOKACHHBIT MHOXECTBOM MYJIbTUTpad-
3aTpaBOK JIMOO €AMHCTBEHHON MYyNbTUTpad-3aTPaBKOW, YCIOBUMCS HAa3bIBATh
npedppaxmanvuvim myremuepaghom (prefractal multigraph).

Ha puc. 8 n3o0paxxeH kaHOHMYECKUI NpendpakTaabHblii MyiapTUrpad G,
MOPOKIEHHBIN MHOKeCTBOM 3atpaBok H={H,,H,}, cMexHOCTh cTapbix pebep

BbIOpaHa mpou3BoJbHONU. B mponecce mopoxaeHus npendpaxrtaibHOro rpada

pebpa € u €" cmexuble B G,, TAKOBBIMH YK€ HE SABIIOTCS B G,.

Ha puc. 9 wu3oOpaxxeH  KaHOHWYECKHMU  mpeadpaKkTaIbHBIN

OpPUEHTUPOBAHHBIM MynbTUrpad G,, MOPOXKIACHHBIM MHOXKECTBOM 3aTPaBOK
H={H,,H,}, cMexHocTh crapeix pebGep BbIOpaHa MPOM3BONBHOW. J[yra €
3aTpaBku H, siBiIsiercs metieid. B mpouecce mopoxaeHus mpeadpaxranbHOTo
rpada M3MEHSIOTCS MHIUISHTHOCTH Oyr: Ayra € oOpasyromas netiio B G,,
nepecTaeT ObITh TaKOBOM B G,, HA4aJI0 AYTH BBIXOJUT U3 BEPILIMHBI V', KOHEI]

BXOIUT B V" .

http://ej.kubagro.ru/2017/10/pdf/15.pdf
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Pucynok 8 —Tpaexropus npendpakransaoro myasturpada G,,
TIOPOKIEHHOTO MHOYKECTBOM 3aTpaBok H.

http://ej.kubagro.ru/2017/10/pdf/15.pdf
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Pucynok 9 — Tpaektopus npeadpakTaIbHOTO OPUEHTUPOBAHHOTO MYyJIbTUTpada
G.,, TOPOKIEHHOTO MHOKECTBOM 3aTPaBoOK H.
3, 1Op

[Ipendpakransabie rpadbl, MOPOKACHHBIE 3aTpaBKaMu — runeprpadamu,
SBIISIIOTCSL  CIIOKHBIMU  OOBEKTaMM M TPeOYyIOT OTAEIBHOTO HCCIEAOBAHMUS.
Hanmomuum, uyto B rumeprpade peOpoM MOTYT COEAMHATHCS HE CTPOrO JBE

BCPHIMHBI, a JI00BIE IMOAMHOIKCCTBA BCPIIHH.

http://ej.kubagro.ru/2017/10/pdf/15.pdf
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